ABSTRACT We comprehensively study the characteristic-mode analysis (CMA) of arbitrarily shaped 3-D conducting objects embedded in a lossless planarly layered medium. The electric field integral equation (EFIE) with the layered medium Green's function is applied as the core equation for numerical analysis. The modal behavior of an object in a layered medium is first comparatively studied with that in free space. The low-frequency breakdown problem of the EFIE-based CMA and its remedy is then elaborated. The asymptotic frequency dependence of the characteristic eigenvalues for the low-order modes is numerically investigated. A theoretical analysis is conducted by constructing a frequency-independent generalized eigenvalue problem and applying Taylor expansions. Finally, the modal expansion for scattering problems and parameter extraction for circuit problems are discussed, both in the context of a layered background. Since the electromagnetic property of an electrically small object is mainly governed by a few of low-order modes, this paper may provide an effective way of model order reduction for complicated structures residing in a layered medium.
I. INTRODUCTION
The characteristic mode analysis (CMA) was originally developed by Garbacz and Turpin to diagonalize the scattering matrix of a conducting object [1] . Harrington and Mautz then refined the theory by exploiting the electric field integral operator discretized with the method of moments (MoM) [2] . In recent years, CMA has received a resurgent research interests in the community of antennas and wave propagation [3] - [8] . A variety of simulation tools, both commercial software (FEKO, CST, WIPL-D, etc) and homemade packages, have been developed for different purposes. CMA provides a convenient way to study the intrinsic property of a radiating or scattering structure based only on its shape and material properties. With the characteristic modes (CMs), a desired radiation pattern can be achieved by a proper excitation. Therefore, it can offer guidelines about the best possible feeding positions of an antenna. On the other hand, the numerical similarity of CMA to a classic excitation problem provides an opportunity to apply the state-of-theart computational electromagnetics for the efficient modal analysis [9] , [10] .
Since its inception, CMA is mainly studied for radiation or scattering problems in the free-space [11] - [19] . However, there are a great number of applications where the radiators or scatterers are working in an inhomogeneous environment. In theoretical investigation, the planarly layered medium is one of the most popular models in modeling a special class of, yet most widely encountered, inhomogeneities. Such applications include, but are not limited to, design of microstrip antennas, electromagnetic interference in integrated circuits, geophysical exploration, and remote sensing, etc. By adopting the layered medium Green's function (LMGF) [20] , [21] , the numerical analysis can be made as convenient as in free space. However, despite the maturity of numerical techniques for particularly excited problems, the intrinsic modal behavior of an object in a layered medium is far less studied. In [22] , CM theory for patch antennas with air substrate was studied. The infinite ground plane was modeled by a conducting half-space Green's function. The analysis was extended to dielectric substrate in [23] . Thanks to the quasitwo-dimensional nature of microstrip antennas, a simplified LMGF can be used.
The most popular CMA is formulated from the electric field integral equation (EFIE) [2] . It is well known that EFIE is vulnerable to the ''low-frequency breakdown'' for excitation problems due to the existence of a nullspace [24] , [25] . The rank deficiency of EFIE also plagues CMA at low frequencies [26] . Therefore, it will be interesting to study the asymptotic modal behavior and the frequency dependence of the characteristic eigenvalues in the low-frequency limit [27] . Moreover, due to the completeness and orthogonality, CMs can be utilized as basis functions to expand the required currents or fields under any complicated excitation. Since only a few of the low-order modes are important to describe the electromagnetic behavior of electrically small structures, CMA will be helpful to represent a complicated system, e.g. integrated circuit involving layered substrate, with compact model orders. This may lead to an new model order reduction (MOR) technique [28] .
In this paper, we comprehensively study CMA for three-dimensional (3D) conducting objects in a lossless layered medium. The rest of the paper is organized as follows: Section II first reviews the general formulation of the LMGF and the basic theory of CMA. The modes are comparatively studied for a conductor in a layered medium and in the free space. In Section III, the low-frequency breakdown problem and its remedy are thoroughly elaborated. The asymptotic behavior of the characteristic eigenvalues is numerically studied and theoretically analyzed. After that, In Section IV, the modal expansion and the circuit parameter extraction is discussed. Several numerical results are provided in Section V to validate CMA in a layered medium. Finally, concluding remarks are summarized in Section VI.
II. CMA IN A LAYERED MEDIUM A. GENERAL FORMULATION OF LMGF
LMGF is the fundamental solution to the Helmholtz wave equation with delta source radiating in a layered medium:
where I is the identity dyad, δ(r − r ) is the Dirac delta function, the subscript e stands for electric-type, and r and r are observation point and source point residing in layer n and layer m, respectively. It is convenient to express the dyadic Green's function with two scalar components:
where k 2 nm = ω 2 n µ m . The scalar Green's function g α (r, r ) for both TE and TM polarizations is expressed in an integral of Sommerfeld-type [29] 
where
Hence, the vector partial differential equation (1) is cast into a scalar ordinary differential equation d dz
with p = µ for TE waves, and p = for TM waves. The detailed mathematical expression of F α (k ρ , z, z ) can be found in [29] and will not be repeated here. It is noted that the LMGF can be decomposed into a primary term (direct radiation) and a secondary term (scattering from the layered background), where the former one can be evaluated in a closed form:
with g m (r, r ) = e ik m R /4πR and R = |r − r |. In most cases, the primary field can be considered as the dominant wave, as is done in the following discussion of low-frequency CMA. However, in certain cases, guided waves resultant from the secondary term can be dominant. We shall leave this situation to a future study.
B. CMA BASED ON EFIE
In a layered medium, the electric field radiated from any electric current can be calculated by
where the electric field integral operator is defined as
If a 3D conducting object with arbitrary shape is excited by an external source, the induced current on the boundary can be determined by the following EFIÊ
The aforementioned CMA can be transformed into a matrix representation by MoM. If we approximate the modal currents with N Rao-Wilton-Glisson (RWG) basis function f i (r) (i = 1, 2, · · · N ) [30] , and apply Galerkin test, we have
where R E and X E are taken as the real and imaginary parts of the impedance matrix Z E , whose dimensions are all N × N . The entries of the impedance matrix are calculated as [20] 
with the inner product defined as
In MoM, it is convenient to express the LMGF in matrix representation. Specifically, the impedance matrix can be written as [20] :
The mathematical expressions of the integration kernels in (17)- (21) will be skipped due to the limited space and the interested readers may refer to [20] for more information. As will be shown later, the matrix representation in (16) is a close analogy to that of a mixed-potential EFIE in free space, though the ''potential'' is not well defined in a layered medium [20] . The generalized eigenvalue equation in (13) can be converted to a standard eigenvalue equation to allow for an efficient calculation:
The characteristic eigenvalues λ n , calculated from the aforementioned real symmetrical eigenvalue problem, ranges from −∞ to +∞. They totally determine the energy storage or radiation behavior of the modal currents. It is well known that when λ n = 0, the corresponding J n is an externally resonant mode and radiates energy most effectively. When λ n > 0 (λ n < 0), J n is an capacitive (inductive) mode which stores predominantly electric (magnetic) energy (the time convention in this paper is e −iωt ). When |λ n | = ∞, J n corresponds to the internal cavity resonant mode, which does not contribute to the radiated or scattered field [2] . Moreover, the equal-phased characteristic currents {J n } form a complete weighted orthogonal set which diagonalize the impedance or scattering matrix. In the following discussion, the power radiated by each mode will be normalized to unity for convenience:
where the inner product in the discretized space can be defined similarly as in (15) , and δ mn is the Kronecker delta function. In numerical computation, either a QZ decomposition based algorithm or a Arnoldi based algorithm [31] can be used to solve the eigenvalue problems. Efficient linear algebra packages such as LAPACK [32] or ARPACK [33] are available in the public domain, making the implementation of CMA simple and straightforward from a standard EFIE-MoM code.
To show the effect of the layered medium on CMs, we first study a conducting sphere with radius r = 1 m at f = 150 MHz. The object is located on top of a three-layer medium, as shown in Fig. 1 . The background configuration and the material parameters are also specified in the figure.
To make a comparative study, the sphere is also investigated in free space. The characteristic eigenvalues of the first three electric modes and magnetic modes are listed in Tab. 1. The result in free space (FS) is validated by an analytical solution [34] and the one in layered medium (LM) is compared with FEKO simulation [35] . The small discrepancy in the free space comparison is caused by the relatively coarse mesh we used. In layered medium, the agreement is better since both results are numerical and the mesh setup is the same. It is noted that the values in layered medium are very close to those in free space, showing that the effect of the layered background can be considered as a perturbation. Moreover, the isotropic structure in free space makes the three electric (magnetic) modes degenerate (modes with the same eigenvalue). However, in a layered medium, only the transverse (horizontal) plane preserves the isotropy. Therefore, only two modes are degenerate for both electric and magnetic modes. In Fig. 2 , modes J 1 , J 4 and J 6 in both free space and layered medium are plotted for comparison. Despite of the similarity in eigenvalues, the mode distribution changes significantly when a layered background is involved.
III. LOW-FREQUENCY BREAKDOWN OF CMA A. EXCITATION PROBLEM AND REMEDY
The low frequency breakdown problem stems from the existence of a nullspace in the EFIE operator, which makes the impedance matrix Z E singular and hence extremely ill-conditioned at low frequencies. It becomes clearer if we analyze the frequency scaling properties of the leading terms in (17)- (21) 
To separate terms with different frequency orders, we define
hence we have
where k 0 = ω √ µ 0 0 and η 0 = √ µ 0 / 0 are the wave number and intrinsic impedance in free space. For the primary term of LMGF, the matrix reduces to the well-known mixed-potential form with
Apparently, the matrix in (27) is extremely unbalanced at low frequencies. When ω → 0 (k 0 → 0), the second term becomes dominant, whereas the first term gradually looses significance due to finite machine precision. In double precision computation, if ik 0 Z A is 16 orders of magnitude smaller than Z /ik 0 , the former is essentially treated as zero. In this case, any solenoidal current J satisfying ∇ · J = 0 is a non-trivial solution to the equation Z E · J = 0. That is to say, the EFIE operator has a nullspace and the resultant matrix is singular in this case. To overcome this difficulty, a generalized eigenvalue problem based on Z A and Z can be constructed to accurately compute Z −1 [25] :
where x n are the eigenvectors and σ n are the corresponding eigenvalues. Let W be a matrix whose columns are the eigenvectors, and be a diagonal matrix formed by the eigenvalues. Equation (30) can then be written in a matrix form
Based on this eigenvalue equation, the inverse of Z E can be analytically expressed as:
with I the identity matrix. To remedy the low-frequency breakdown problem, the eigenvectors shall be further divided into two groups according to their eigenvalues:
where W 0 are the nullspace eigenvectors with zero eigenvalues, and W h are the eigenvectors with nonzero eigenvalues. The numbers are denoted as N 0 and N h , respectively (N 0 + N h = N ). Consequently, (32) can be rewritten as:
where h is the diagonal matrix formed by the N h nonzero eigenvalues and I h is the corresponding identity matrix, {•} 0 means the upper block of {•} (the first N 0 rows), and {•} h means the lower block (the remaining N h rows). E R E should be computed exactly. However, as has been discussed, X E is extremely ill-conditioned when ω → 0, so that the inverse cannot be accurately calculated, giving rise to the low-frequency breakdown of CMA. To show this, an example of a cuboid in a layered medium is investigated. The dimension of the cuboid is 2m×1m×0.5m. It is embedded in a 1-m thick dielectric slab with dielectric constant of r = 4, shown in Fig. 3 . We conduct CMA from f = 1M Hz, down to f = 7.8125 KHz with logarithmic sampling. The magnitude of characteristic values of J 1 , J 3 and J 6 are plotted versus frequency in Fig. 4 . It is shown that they scale as ω −3 or k −3 0 . However, as the frequency keeps decreasing, the CMA eventually breaks down. Moveover, from Fig. 4 , we can see that the lower-order mode breaks down at a lower frequency as compared to the higher-order mode. Fig. 5 further shows the lowest-order characteristic mode J 1 at four frequencies: f = 1 MHz, f = 62.5 KHz, f = 31.25 KHz, and f = 15.625 KHz. Apparently, the mode becomes inaccurate when the frequency decreases.
To analyze it, we denote Z A = R A +iX A , Z φ = R +iX . From (27), we have
It seems that the leading-order term for both R E and X E is of
0 ), however, this is only true for the latter. To show this, we first examine the dominant primary term of the LMGF. If we denote k as the wave number of the layer where the object resides, omit the irrelevant constants, and apply Taylor expansion around k = 0, we have
Therefore, we can write R E and X E as
and
are frequency-independent, real, and symmetrical matrices. Following the idea of (30)- (34) in the excitation problem, we construct the generalized eigenvalue problem for CMA as
In this case, the eigenvectors digitalize both C and D [36] 
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E can be calculated as:
where W 0 and W h are again the eigenvectors with zero and non-zero eigenvalues, respectively. Finally, X
−1
E R E in (22) can be calculated as
In deriving the above equation, W T 0 A = 0 shall be analytically enforced according to the definition of a nullspace. Substituting (50) to (22), we conclude that the characteristic values λ n scales as k −3 . It is noted that the W 0 term contributes to the inductance physics, and the W h term contributes to the capacitance physics. They naturally decouple and are equally important in describing the electromagnetic property at low-frequencies.
The secondary term of LMGF does not have an analytic expression in general, therefore, an order analysis based on Taylor expansion will be difficult. However, since the secondary term describes the scattering effects of the background, which is much weaker than the direct coupling, it can be considered to have a higher-order frequency dependence. In other words, the perturbation of the secondary term will not affect the rule of frequency expansion in (37) and (38). This is in accordance with the numerical observation of the characteristic values presented in last section. Although the analytic assembly of matrices A, B, C, D are not available in this case, we can construct them numerically. Take (41) for example, we choose two frequency points k 1 and k 2 in the asymptotic regime, numerically evaluate LMGF and assemble X E (k 1 ) and X E (k 2 ). Substituting them into (41), we have:
IV. MODE EXPANSION AND PARAMETER EXTRACTION
For an excitation problem, namely, the conducting object is excited by a specific source (plane wave, delta-gap voltage, Hertzian dipole, etc), the governing EFIE is shown in (8) .
After applying MoM, the matrix representation reads:
where the tested excitation vector is
According to the theory of CMA [2] , the characteristic currents {J n } form a complete set to expand the current distribution induced by arbitrary sources. Thus, the excitation current J in (53) can be written as:
Similar to the generalized eigenvalue problem shown in (46)-(48), the characteristic currents J n in (13) are both X E -orthogonal
and R E -orthogonal [see (23) ]. With this orthogonality, the expansion coefficients a n can be easily calculated as
where V n is the modal excitation coefficients, which is defined as the projection of the excitation to a particular characteristic current:
To make a modal current significant in the expansion, we shall have: a) large modal significance |1 + iλ n | −1 ; b) large magnitude of modal excitation coefficients |V n |. For a circuit problem excited by a voltage or current source at the port, the circuit parameters can be extracted from the port input impedance, which can also be expanded by the characteristic modes as:
where J p n is the port characteristic current for mode n at RWG p, and l p is the edge length of the RWG. It is noted that these RWG currents should be in parallel connection at the port to avoid a short circuit.
As can be seen from (57), only modes with small characteristic values λ n may have the chance to contribute to the modal expansion. For many low-frequency applications like circuit analysis, only a few of the low-order modes are important in capturing the physics. Therefore, the CMA developed in this work may potentially provide an effective way of MOR for the efficient modeling of geometrically complicated structures in a layered medium.
V. NUMERICAL RESULTS
Several numerical results are presented in this section. In all the examples, double precision is adopted in the computation. To examine the mode expansion of CMs in a layered medium, a car situated above the ground is studied. The model is shown in Fig. 6 , where the relative permittivity of the ground is assumed to be r = 6.5. The car is 4.8 m in length, 1.8m in width, and 1.2m in height. The geometry surface is discretized into 1,990 triangles, giving rise to 2,985 RWG unknowns. It is excited by a Hertzian dipole located at (x = −1.0, y = 0.0, z = 1.5) with polarization of (θ = 0 • , φ = 0 • ). At f = 200 MHz, the surface current is first calculated by solving the excitation problem, VOLUME 6, 2018 as shown in Fig. 7(a) . The CMA is then conducted to reconstruct the solution by using different numbers of modes. In Figs. 7(b)-7(d) , N = 20, N = 80, and N = 200 are used to expand the excitation solution based on (55). It is observed that as the number of modes increases, the expansion becomes more and more accurate in comparison with the reference in Fig. 7(a) . Due to the linearity of the system, the mode expansion for the current also holds for the scattered field. In Fig. 8 the near scattered field (E x ) expanded by the CMs is compared with the direct solution. Again, when N = 200, the reconstructed near field is almost identical to the reference data. As expected, if CMs are applied as the basis functions, the number of degrees of freedom can be much reduced in modeling a complicated system.
To validate the proposed method at low frequencies, CMA is then conducted by sweeping the frequency. The characteristic eigenvalues of the three lowest-order modes are calculated and shown in Fig. 9 at different frequencies. It is shown that the direct method breaks down in the low-frequency regime, whereas the proposed method is stable and captures the asymptotic behavior well. On the other hand, when the frequency keeps increasing, the proposed method is no longer valid. This is because the wave physics begins to play a role in the dynamic regime, and the truncated Taylor expansion is not sufficient any more. At f = 1 KHz, the mode currents J 3 and J 5 are shown in Fig. 10 . Again, the proposed method shows an obvious advantage over the direct method at this frequency.
Finally, a simple structure is investigated to demonstrate the compact modal characterization by CMA for circuit problems. A circular parallel plate capacitor is shown in Fig. 11 , where a dielectric slab of r = 2.56 is inserted into the capacitor. The disk has a unit radius r = 1 m and the separation d is set as d/r = 0.1. The port is assumed at the edge of the structure (see Fig. 11 ) with the excitation of a delta-gap voltage source. The structure is discretized into 1, 320 triangles (1, 780 RWG unknowns) , where the mesh is refined at the edges to capture the fringing effect. The capacitance is calculated to be 0.81 nF from an analytic formulation [37] . We then conduct CMA at the frequency of f = 100 KHz. The characteristic currents of J 1 , J 2 , J 3 , and J 4 are shown in Fig. 12 with characteristic values of 2.7 × 10 8 , 2.7 × 10 8 , 3.1 × 10 8 , and −6.6 × 10 8 . Apparently, J 4 is a magnetic mode and shall not contribute to the capacitance. For J 1 , J 2 , and J 3 , it is interesting to observe that though they are all electric modes with similar eigenvalues, only J 3 contributes significantly to the capacitance. This is because J 1 and J 2 are nearly perpendicular to the delta-gap voltage source (both have relatively small modal excitation coefficients), and hence the expansion coefficients a n are very small. This becomes clearer when we inspect the data shown in Tab. 2. Consequently, the capacitance from these modes are negligible. On the other hand, the capacitance calculated from the dominant term J 3 is 0.80 nF, which is almost the same as the analytic result. In this example, only one single mode is sufficient to describe the circuit physics.
VI. CONCLUSION
The characteristic mode analysis is comprehensively investigated for conducting objects residing in a lossless layered background. The modal equation is formulated with a layered medium Green's function, and a comparison is made with its free-space counterpart. The low-frequency breakdown issue of characteristic mode analysis is discussed. A generalized eigenvalue problem is constructed to accurately calculate the inverse of the reactance matrix. To investigate the asymptotic behavior of the characteristic values, a Taylor expansion is conducted to reveal the frequency scaling property. Numerical examples are provided to show the modal characterization of several conducting objects in the inhomogeneous background. Finally, the model order reduction is demonstrated from a simple example to show the potential power of characteristic mode analysis for complex circuit problems involving dielectric layered substrate.
